I. INTRODUCTION
Sound transmission is a classical problem in structural acoustics. The improvement of insulation capacity of structures can help facilitate working environment, reduce the radiation of energy, avoid detectability of submarines by sonars, and so forth. Much effort has been made to increase the STL of an object by designing its structures in the form of double-leaf wall, 1 sandwich structures [2] [3] [4] and attaching substructures 5, 6 or inserting air gaps between the walls of the object. [7] [8] [9] [10] Analysis of spherical wave transmission loss through a single-leaf wall was investigated by Yairi et al.
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Explicit formula was derived and its result revealed that decreased wall impedance deteriorates the insulation performance under the spherical wave incidence.
Studies mentioned above are all related to STL through a static structure. However, many objects are practically working in moving condition. Within the environment, flow from the medium may be generated, which may also be a factor affecting the STL. Study of the effects of external flow on STL through structures has also been carried out. It was found that air flow provided modest increases in STL through a bare plate up to the coincidence frequency, 12 and when a sandwich shell was subject to turbulent boundary layer fluctuations, the convective flow velocity showed little influence on the structural response or the interior pressure. 13 It was also demonstrated STL through an aeroelastic plate with orthogonal rib-stiffeners under external mean flow were improved significantly with the increase of Mach number over a wide frequency range. 14 As external mean flow was added on one side of a sandwich plate 9 or cylindrical shell 15 under different lined porous cores, higher STL was yielded when larger Mach number was applied.
Recently, metamaterials, a kind of artificial structure, which enables unique properties not existing from basic structure, 16, 17 have attracted much attention owing to its negative effective parameters and band gap properties. Within band gaps, flexural waves can be efficiently attenuated to achieve wave suppression and prohibition, 18, 19 vibration isolation, and sound absorption. 20 It is an efficient and elegant approach for optimizing mechanical constituents by tailoring the dynamical behaviour of metamaterials with respect to vibration and acoustic control among others. 21 Xiao et al. 5 has reported the capability of sound insulation of a metamaterial with attached resonators with effective medium method and plane wave expansion. Their results showed that higher STL can be obtained within the ranges affected by resonances. Similar work was finished with continuum resonators consisting of rubber and steel attached to a sandwich plate. 22 Meanwhile, STL through a metamaterial plate comprising of shunted piezoelectric patches and a thin plate 23 was increased and its frequency range was broadened by the negative capacitance shunting circuits. Moreover, Collet et al. 24 proposed an effective approach to minimize the acoustic radiation of a semi-active metacomposites by optimizing the impedance of the shunted circuit. Chronopoulos et al. 25 and Antoniadis et al. 26 proposed an isolator with negative a) Also at: Australian National University, Canberra, Australian Capital Territory, 2601, Australia. Electronic mail: WT323@mail.nwpu.edu.cn stiffness and embedded it in continuous beams. Drastic increase for the damping ratio of the flexural waves is obtained with the structure. Assouar et al. 27 applied a platetype acoustic metamaterial in an air-borne sound environment and analysed the sound mitigation performances. However, when the metamaterial is immersed in complicated environment, which is closer to practical engineering, STL through metamaterial is rarely mentioned.
As stated in Ref. 18 , metamaterial can be applied for noise filter and wave suppression, and has potential application in, for example, building a fuselage, which may be exposed to external flow stimulus. The investigation on STL through a metamaterial in the presence of external flow, therefore, is an interesting and meaningful issue, regardless the fact that few papers related to STL through metamaterials under external mean flow condition have been reported. The study will be helpful in gaining a basic understanding of sound insulation under complex acoustic environment. In this paper, a method to calculate STL through a metamaterial plate with LLRs attachment is established in the presence of external mean flow, from which the influence of external mean flow on the STL through a metamaterial with respect of structural changes is demonstrated. Furthermore, how the varying dynamic parameters, e.g., the Mach number and incident angles, influence the STL is also explored. The paper is organised as follows. In Sec. II, an effective medium method 28 is adopted to obtain the effective mass density of a metamaterial with LLR attachments, and an explicit formula for plane wave propagation through the metamaterial plate in the presence of external mean flow is derived. In Sec. III, results and discussions for STL with varying hysteretic damping, Mach numbers, and incident angles are demonstrated. Meanwhile, the coincidence frequency of the metamaterial plate is characterized. Finally, conclusions are presented in Sec. IV.
II. STL CALCULATION
A. Effective parameters of the metamaterial plate via effective medium theory Effective medium theory describes the macroscopic properties of composite materials via theoretical modelling. It has been effectively established for the investigation of elastic metamaterial and its accuracy has been verified within the subwavelength range. 23, 28 Via effective medium method, the effective mechanical parameters of the metamaterial can be obtained since the lattice constant of the LLR is much smaller than the flexural wavelength of the plate. And the related problem can be greatly simplified when the metamaterial plate considered here is treated as a homogeneous plate with effective mass density.
In this subsection, the equivalent model of a metamaterial plate with LLR attachment is built. Figure 1 shows the whole schematic of the metamaterial plate consisting of a homogeneous plate with LLRs attached. Figures 1(a) and  1(b) give a typical unit cell of the metamaterial plate in different view angle, with unit length a x along the x direction and a y along the y direction. The host plate has material properties of complex Young's modulus 
Fourlink-mechanisms are jointed to the host plate with geometrical parameters of vertical distance L and horizontal distance D. The effective mass density of the metamaterial plate is analysed based on the thin plate theory and Bloch-Floquet theory.
The closed form equation for flexural wave propagation through a thin plate 29 is
þ q x; y;t ð Þ;
(1)
in which n ¼ 1=a x a y and qðx; y; tÞ is the lumped force applied to this unit. wðx; y; tÞ, u 1 , u 2 are the displacement of the plate, the vertical mass, and the lateral masses, respec-
Þ is the flexural rigidity. By using Newton's second law, the governing equations for m 1 and m 2 can be expressed as 
Assuming small displacements for the plates and masses, the displacement relationship of the four-link-mechanism is obtained,
Based on the periodicity of the unit cell and the BlochFloquet theorem for the infinite metamaterial plate, the displacements of the plate and masses can be written as wðx; y; tÞ ¼ We iðaxþbyÀxtÞ ¼ w 0 e iðaxþbyÞ ;
where a and b are the wavenumbers along x, y directions, respectively, and a ¼ 2p=k 1 , b ¼ 2p=k 2 with k 1 and k 2 being the corresponding flexural wavelengths. x is the wave frequency. W, U 1 , and U 2 are the displacement amplitudes. Inserting Eqs. (5) and (6) into Eqs. (1)- (4) yields
with 
and
, the effective mass density q ef f can be obtained as
B. STL in the presence of external mean flow
External mean flow acts as a stimulus when a metamaterial is moving. And the effect of the external mean flow on sound transmission through the metamaterial is too obvious to be ignored. When external mean flow is added to one side of the metamaterial with fluid properties of density q 1 and sound speed c 1 , a harmonic plane pressure with elevation angle u 1 and azimuth angle b is incident from the side coupling with external mean flow to another side containing stationary fluid properties of density q 2 and sound speed c 2 , as shown in Fig. 2 . The presence of the external mean flow may affect the sound transmission loss through the metamaterial by adding light fluid loading on the plate and refracting the transmitted waves angles with u 2 and b respectively. Setting the flow velocity V along the x direction, the wave equation can be written as 
with P inc and P ref being the pressure amplitude of the incident and reflected sound waves, and
Substitution of Eqs. (11)- (13) into Eq. (10) yields
where Mach number M ¼ V=c 1 . When the pressure is transmitted through the metamaterial plate, the transmission pressure is expressed as p tr ðx; y; z; tÞ ¼ p tr ðx; y; zÞe ixt ¼ P tr e Àiðj 2x xþj 2y yþj 2z zÞ e ixt :
Since there is no flow in medium 2, the transmitted wave propagates referring to the classical wave equation and the wave numbers are
with u 2 representing the refracted angle of the transmitted waves and c 2 representing the sound speed in fluid 2.
With the stimulus of the incident pressure, the flexural vibration in the metamaterial can be expressed as wðx; y; tÞ ¼ We Àiðj mx xþj my yÞ e ixt ;
At the boundary of the metamaterial plate, the wavelengths should be matched in order that the sound waves propagate normally. Therefore,
Inserting Eqs. (13), (14), (16) , and (18) into Eq. (20), the angle of the refraction can be obtained as
When the material properties on both sides of the metamaterial is the same, i.e., c 1 ¼ c 2 , the incident elevation angle does not equal to the refracted angle, u 1 6 ¼ u 2 . It can be found that the presence of the external mean flow makes the transmitted wave deviate from the incident wave.
At the interfaces, among these two fluid fields and the thin metamaterial plate, continuity of normal velocity and displacement must be satisfied,
Combining Eqs. (11), (12) , (15) , (17) , and (20), the transmitted wave and reflected wave can be represented by the incident wave and the deflection of the plate,
Inserting Eqs. (24)- (25) into Eq. (19), the explicit solution of the displacement coefficient of the plate can be obtained as
where
The oblique sound power transmission coefficient is 
III. RESULTS AND DISCUSSION
Numerical results from the theoretical derivation in Sec. II for STL through the metamaterial plate are presented in this section with the parameters described in Table I . Effects of incident angles, hysteretic damping, and Mach number on STL are fully investigated. Mechanism of fluid and structure coupling will also be discussed to give explanation for the variation of the STL. It is known that coincidence frequency is an important quantity to characterize the plate, whose change reflects the degree of difficulty of coupling between the fluid and the structure. During the calculation, the investigation is focused on the subwavelength range. Since the higher resonance of LLRs is f rh ¼ 251 Hz, from Table I , the flexural wavelength of the host plate at the higher resonance can be obtained as
and the ratio of the lattice constant to the flexural wavelength is
Hence, the assumption of subwavelength still holds strong in the study. When above the coincidence frequency, the effect of the LLRs can be neglected from Fig. 4 as the effective mass density is much closer to the density of the host plate. Analysis in this range thus follows classical thin plate theory.
A. The coincidence frequency of the metamaterial plate
Coincidence frequency is an important index for sound transmission, as when coincidence occurs the structure is the most susceptible to acoustic excitation and gives rise to a far more efficient transfer of sound energy from one side to the other. When the incident angle (elevation angle) is p/6, using the parameters in Table I , the coincidence frequency of the plate is f co ¼ 5300Hz, and the ratio a=k pf is equal to 0.27, which is still small enough to support the subwavelength assumption. Furthermore, the resonance of the substructure is far lower than the coincidence frequency. Thus, the effective medium method still holds in the analysis of the effective "bare plate" at the coincidence frequency. Using the effective medium method, in the presence of the external mean flow, the coincidence frequency of the metamaterial can be obtained as
From Eq. (32), it can be seen that the coincidence frequency is related to the refracted angle as the properties of the host plate and the fluid in medium 2 is fixed. Combining Eqs. (21) and (32), the coincidence frequency changes as the incident angle and the velocity of the external mean flow vary, which will be exhibited in the following part.
B. STL through the metamaterial plate
The effective mass density from Eq. (9) is visually shown in Fig. 3 by using parameters in Table I . It can be divided into three parts in terms of the frequency. Within the first part, i.e., from 0 to 120 Hz, the effective mass density equals the density of the host plate plus the averaging density of the vertical masses over the unit cell, which is q st ¼ q 0 þm 1 =a x a y ¼ 1:5q 0 . While for the second part, from 120 to 305 Hz, LLRs vibrate vigorously, causing significant influence on the effective mass density. Within part 2, the effective mass density becomes negative in specific ranges, which is much different from the classical structure. And how this negative mass density influences the STL is an interesting issue. For the third part, above 305 Hz, the ratio q ef f =q 0 becomes 1, which means that the effect of the attached substructures is too little to be neglected. In summary, the variation of the effective mass density of the metamaterial plate is mainly attributed to the attached substructures. Therefore, the effects of the substructures on the STL through the metamaterial should be examined, which is demonstrated in Fig. 4 . Comparisons of the STL through plates with density of q 0 , q st , and q ef f are presented. During the calculation, parameters in Table I are used. Damping is zero for both the plate and the resonators. The incident angles are u 1 ¼ p=6 and b ¼ 0.
STL through three different plates is calculated and shown in Fig. 4 . It is noticeable that there are several overlaps among the three STL curves. For the range from 10 to 120 Hz, STL of the metamaterial plate is almost the same as that of the bare plate with q st , and about 2 dB higher than that of the bare plate with q 0 because of the static averaged vertical mass. For the range above 400 Hz, STL through the metamaterial plate is almost the same as that of the bare plate with q 0 , and 2 dB lower than that of bare plate with q st . From Fig. 3 , it is known that in such two ranges, the mass density of the metamaterial is stable and equals to either q st or q 0 , and the overlaps with the two bare plates in density can be explained by the mass law, i.e., for a bare plate, obliquely incident mass law
Equation (33) reveals that higher density leads to higher STL. Similarly, from Eq. (32), it denotes that higher density results in higher coincidence frequency. Last but not the least, for the range from 120 to 400 Hz, vigorous vibrating LLRs affects the effective density changes dramatically (as shown in Fig. 3) , as well as the STL. Larger STL occurs when the vibration phases of the resonators are the same as that of the host plate, while lower STL is the result of the opposite phases of the resonators and the host plate. From the analysis, it can be concluded that LLRs have significant effects on effective mass density, thereby the STL of the metamaterial plate.
C. Effect of damping on the STL
In practical engineering, damping in structural acoustics cannot be neglected. And damping always has significant influences on the response of the structures. Reasonable damping can smooth the response curves and lower the response peaks. However, too much damping may deactivate the effect of the substructures. Although there are several kinds of damping existing in structure, hysteretic damping (structural damping) is adopted for the analysis. In this part, effects of damping from different part of the metamaterial plate on the STL are examined thoroughly with fixed Mach number M ¼ 0 and incident angle u 1 ¼ p=6 and b ¼ 0. Figures 5 and 6 show how structural damping of the resonator and host plate affects STL. Obviously, the most distinguish influence lies on the peaks and dips on the transmission loss curves. In Fig. 5 , it can be seen that the structural damping of the host plate only influences the transmission at the coincidence frequency. The bigger the plate's damping, the higher the STL at the coincidence frequency. Meanwhile, STL in other frequency ranges does not change. Similarly, in Fig. 6 , only the first and second peaks and dips on the STL curves are influenced by the hysteretic damping of the resonators. Comparing the effects of the hysteretic damping, it can be found that damping from different parts of the metamaterial plate provides separate influences on the STL at different frequencies, which facilitates the design of the metamaterial when implemented in practical engineering for sound insulation. plate. 5 In this subsection, effects of various Mach number from 0 to 0.8 on the STL of the metamaterial plate are calculated with other parameters fixed as in Table I . The damping values for the resonators and host plate are all 0.05, i.e.,
From Fig. 7 , there are several peaks and dips on the transmission curves. The first and second peaks and dips are due to the resonance of the substructure while the third dip is the reason of the match of the trace wavelengths of the acoustic wave and that of the bending wave of the metamaterial plate, the so-called coincidence frequency. The peaks and dips divide the STL curves into three parts. The first part includes two frequency ranges, i.e., one from 0 to 120 Hz, the other from 305 Hz to the coincidence frequency. The second part contains two peaks and dips and the negative mass density range, from 120 to 305 Hz. The third part is the frequency range over the incidence frequency. Within those parts, the trends of the STL differ from each other. As Mach number gets bigger, several interesting phenomena can be seen. (1) The coincidence frequency of the metamaterial plate increases which is consistent with Eq. (32) . The increase is mainly because the external mean flow affects the transmitted sound wave to refract from its original angle. 30 (2) It is obvious that STL is not linear function of the Mach number since larger increase of Mach number does not lead to higher increase of the STL. Meanwhile, the STL increases modestly in the presence of the external mean in the first and second part of the curves which is similar to the tendency of bare plate for the density is steady within such ranges, and it can be found in Refs. 4 and 31. Above the coincidence frequency, the trend of STL shifts decrease as the Mach number increases. This is the effect of the aerodynamic damping effect, which can be found in Refs. 32 and 33. (3) For the range from the first peak to the second dip, including the negative mass density range, the external mean flow seems to have little influence on the STL, especially on the negative slopes. While at the peaks and dips, STL increase dramatically. Comparing the effect of the resonance of the LLRs and the external mean flow, it can be deduced that the substructures plays a more significant role in the STL curve, which can be attribute to that the added mass effect of light fluid loading are negligible in terms of the behaviour of the substructures. As a result, it is noticeable that effects of Mach number of the external mean flow are complex and different within different frequency ranges, and analysis in above gives general explanation for the variation of the STL, which can be helpful in designing fuselages and coverages by utilizing metamaterials. coincidence frequency. In the study, the external mean flow is added, which is set to 0.2. Meanwhile, hysteretic damping of the host plate and resonators is 0.05.
In the calculation of the effects of the incident angles on the STL through the metamaterial plate, either the elevation angle or the azimuth angle is fixed. Figure 8 reveals that as the elevation angle increases, the coincidence frequency moves to higher frequency range, and STL increases up to the coincidence frequency while decreases above the coincidence frequency. In Fig. 9 , the coincidence frequency is a significant boundary. With the azimuth angle increasing from 0 to p=3, on the left side of the coincidence frequency, the STL decreases slightly, while on the right side, on the contrary, the STL increases. The coincidence frequency shifts to lower frequency range as the azimuth angle increases, which mean easier resonance of the metamaterial plate at large incident azimuth angle.
Comparing Figs. 8 and 9, it can be found that the elevation angle has more significant influences on the STL, especially on the coincidence frequency. In the left range of the coincidence frequency, larger elevation angle leads to higher STL, however, larger azimuth angle results in slightly lower STL. In the right range of the coincidence frequency, opposite phenomenon occurs. In summary, higher STL needs incident sound waves with larger elevation angle and smaller azimuth angle.
IV. CONCLUSIONS
This paper is concerned with the STL through a metamaterial plate with LLRs in the presence of external mean flow. Equations for STL are thoroughly obtained with the help of effective medium theory. Numerical results are evaluated for a specific set of parameters and reveal that external mean flow improves STL over a wide range below the coincidence frequency based on the light fluid loading on the metamaterial plate, but not in the negative mass density ranges caused by the rigorous lateral local resonance. An opposite phenomenon occurs above the coincidence frequency, owing to the fact that the STL is influenced by the flow generated from aerodynamic damping effect. As Mach number increases, the coincidence frequency of the metamaterial shifts to higher frequency range, attributing to the sound wave refraction by the external mean flow. Effect of hysteretic damping of the metamaterial plate only lies in specific frequencies induced by the LLRs and host plate. Damping can lower the transmission peaks and raise the dips, which provides a practical solution for the sound insulation. Tendencies of STL are different with varying incident elevation and azimuth angles. STL through the metamaterial is always enhanced within the frequency range below coincidence frequency, but reduced above the coincidence frequency when increasing the elevation angle. On the contrary, the azimuth angle has inverse effect on the STL in accordance with that of the elevation angle.
